Wrinkling modes are determined for a two-layer system comprised of a neo-Hookean film bonded to an infinitely deep neo-Hookean substrate with the entire bilayer undergoing compression. The full range of the film/substrate modulus ratio is considered from the limit of a traction-free homogeneous substrate to very stiff films on compliant substrates. The role of substrate pre-stretch is considered wherein an unstretched film is bonded to a pre-stretched substrate with wrinkling arising as the stretch in the substrate is
Introduction
A large literature exists reporting short wavelength buckling wrinkles of compressed thin films bonded to thick compliant substrates. Allen's [1] monograph on the mechanics of thin film wrinkling applies to structural systems where the surface film or layer is very stiff compared to the substrate. As applications of soft materials, such as elastomers and gels, grow, there is increasing interest in wrinkling of film/substrate bilayers where both materials are soft and the stiffness ratio of the film to the substrate is not necessarily very large [2] . An important limiting case is surface wrinkling of a compressed homogeneous substrate which Biot [3] analyzed for a neo-Hookean material.
In the first part of this paper, Biot's exact finite strain bifurcation analysis is extended to a bilayer system comprised of a neo-Hookean film bonded to an infinitely deep neo-Hookean substrate. Biot [3] considered several bilayer problems, but not the important case where the film and the substrate are jointly compressed, nor did he consider the role of substrate pre-stretch. Here, the critical bifurcation strain is obtained for the film/substrate modulus ratio ranging from the limit in which the film and substrate have the same modulus, i.e., a homogeneous substrate, to a very stiff film on a compliant substrate. The role of substrate pre-stretch is also considered. Substrate pre-stretching is a technique now widely used by experimentalist to produce compression in the film layer.
A thin unstretched film is bonded to a thick pre-stretched substrate. Then, as the stretch in the substrate is relaxed, the film is compressed and wrinkling occurs. In the second part of the paper, numerical simulations are carried out in plane strain within a finite element framework to uncover advanced post-bifurcation modes including perioddoubling, folding and a newly identified mountain ridge mode.
Both materials in the bilayer are incompressible neo-Hookean elastic materials.
Quantitative details for other nonlinear elastic material models will differ somewhat from the results present in this paper. Nevertheless, the trends brought out for neo-Hookean materials are expected to have broad applicability. Moreover, when the film is very stiff compared to the substrate, the strain in the film remains small and, thus, it is expected that results in this range are applicable to any (incompressible) linear elastic film material. The ground state shear modulus of the film is f  and that of the substrate is  , as predicted by (2) for plane strain:
Remarkably, the simple formula (5) for 0  with 1   , corresponding to Allen's result for an incompressible film and substrate with no pre-stretch, retains reasonable accuracy even at modest ratios of the moduli with bifurcation strains that are not small. For this to be true, the strain in (5) must be interpreted as the nominal strain defined in (4). . The stretches in the film are given by (1) . The effect of the pre-stretch on the critical compressive strain in the film,
wrinkling is shown in Fig. 3 . Included in this figure is the prediction of the simple 1 In passing it is worth mentioning that surface wrinkling strain,
, is also the critical strain for wrinkling localized at the bonded interface between two semi-infinite half-spaces of neo-Hookean materials with different ground state moduli. This result, due to Biot [5] , can be readily appreciated by noting that each half-space undergoes traction-free surface wrinkling at the same strain with arbitrary sinusoidal wavelength. Thus, the two wrinkled half-spaces can be "fit together" satisfying continuity of displacements and tractions. Pre-stretch produces anisotropic stiffening of the substrate (see Appendix) which increases the wrinkling strain when the film is stiff compared to the substrate as seen in Fig. 3 . In the range in which the ground state modulus of the film is only slightly larger than that of the substrate, the pre-stretch has the unexpected effect of lowering the critical bifurcation strain. This is seen in Fig. 4 where the critical bifurcation strain W  is plotted for the same levels of pre-stretch for a much smaller range of / Fig. 4 , the critical strain is below the Biot limit and the wavelength of the mode associated with the critical compressive strain has a wavelength that is long compared to the film thickness. the critical compressive strain in the film is less that the Biot strain and the wavelength of the critical mode is long compared to the film thickness. For pre-stretches greater than 5, the Biot mode again becomes critical. This behavior appears anomalous given the stiffening that occurs in the substrate under pre-stretch. However, as the substrate becomes anisotropic, some of the incremental moduli components diminish. In addition, as the film is compressed it's incremental in-plane stiffness increases. Evidently, the very different anisotropies that develop in the film and the substrate account for the behavior in Fig. 5 , but a simple explanation of the anomaly is not apparent.
The dimensionless wave number, kh , of the mode from the exact analysis for the cases shown in Fig. 3 is plotted in Fig. 6 . The normal deflection of the mode is . Film stretches are given by (1) . The compressive wrinkling strain in the film, Fig. 7 .
The corresponding predictions from (2) for this case are Fig.7 .
The trends are similar to those for plane strain deformations. For moderately large pre- 
for conditions in which the maximum compressive stress acts in the 1-direction. This result provides the values quoted above for plane strain and uniaxial stressing. Under uniaxial stressing, substrate pre-stretch causes only a slight reduction of the critical strain in the domain of modulus ratios near unity ( Fig. 7 ). When / f s   is large, the sinusoidal wrinkling mode is stable to strains that can be many times W  (see Fig. 9 ). Then, at a compressive strain denoted by PD  in Fig. 8 , the sinusoidal mode transitions into a mode with twice the wavelength (see Fig. 9 ). This period-doubling mode would occur as a secondary bifurcation in a perfect system, but in the present simulations it is triggered by slight imperfections. The precise value of PD  is difficult to pin down in the simulations, as evident from the small variations in Fig. 8 .
Numerical analysis of post-bifurcation modes under plane strain
For this bilayer system it is noted that 0.2
for all / 10 f s    . For stiff films, the sinusoidal wrinkling mode is highly stable for relatively large compressions prior to the onset of period-doubling, as illustrated in Fig. 9 . A combined analytical-experimental study [10] of the nonlinear evolution of the sinusoidal wrinkling mode prior to perioddoubling has been carried for stiff films on compliant neo-Hookean substrates. Studies of period-doubling for stiff thin films on compliant elastomer substrates, including experimental realizations of the mode, have been presented in [4] and [11] . In addition, period-doubling in wrinkling has been also been identified in the system of a cylindrical cavity covered by a stiff surface layer [12] .
For / 10 f s    , the post-bifurcation mode changes to what will be called a "folding mode" at a strain denoted by, F  , that is only slightly above W  , as seen in Fig. 11 , the behavior is qualitatively similar to that just described for the case on no pre-stretch. The pre-stretch shifts the transition from folding to period-doubling to somewhat larger / , the secondary mode observed is the "mountain ridge mode", labeled so for reasons that will be evident from the mode shape in Fig. 14. Like the folding mode, this mode is a compressive localization. As the ridge forms, it relaxes the compression in the film on both sides of itself and thereby reduces the amplitudes of the wrinkles in its neighborhood. Similar stress relaxation is seen for on either side of a buckle delamination when the film is sufficiently stiff compared to the substrate [13] . As seen in Fig. 14, further Fig. 14) , the overall compressive strains at which the mountain ridges form are not nearly as large as the strains required for period-doubling seen in Figs. 8 and 11 for the other cases. Thus, this phenomenon should be expected for any linear elastic film material.
Conclusions
The neo-Hookean film/substrate bilayer admits a rich variety of wrinkling modes, especially when pre-stretch of the substrate is considered. In all cases, the first mode to appear as the bilayer is compressed is the sinusoidal wrinkling mode associated with bifurcation from the bi-uniform state. The compressive strain in the film at bifurcation, ), the simple formula (2) generalizes the well known formula of Allen [1] to account for the fact that the incremental moduli of the pre-stretched substrate are different from its ground state moduli. This formula applies specifically to neo-Hookean substrates but is expected to reflect the role of pre-stretch for any elastomeric material that stiffens as it is stretched.
The second mode to appear as the system is compressed beyond bifurcation can be one of several advanced post-bifurcation modes, including folding, period-doubling and mountain ridging. Folding and mountain ridging involve a localization process in which the local deflection of the film relaxes compression in its neighborhood thereby growing at the expense of the undulations in its neighborhood. Which one of the advanced mode to appear depends on the combination of the ground state modulus ratio, 
in terms of 1 2 ( , ) c c using (8) and (10): 
By (11) and (12), the increments of nominal stress and displacement on the bottom of the film layer having a traction-free top surface are related by 
The last step is to enforce continuity of traction and displacement increments across the interface, (14) and (15), using (13), (16) and (1); this requires The curve for the bifurcation strain, W
